SHARP SLOPE BOUNDS FOR SWEEPING FAMILIES OF TRIGONAL 

CURVES 

ANAND DEOPURKAR AND ANAND PATEL 



Abstract. We establish sharp bounds for the slopes of curves in M g that sweep the locus of 
trigonal curves, proving Stankova-Frenkel's conjectured bound of 7 + 6/g for even g and obtaining 
the bound 7 + 20/(3g + 1) for odd g. For even g, we find an explicit expression of the so-called 
Maroni divisor in the Picard group of the space of admissible triple covers. For odd g, we describe 
the analogous extremal effective divisor and give a similar explicit expression. 



1. Introduction 

The seminal papers of Harris and Mumford [ll|, and Eisenbud and Harris Q prove that the 
moduli space M g of Deligne-Mumford stable curves of genus g is of general type for g > 23. This 
result marks the beginning of the quest for describing the log-canonical models of M g , namely the 
spaces 



M g (a) = Proj H" ( Mg ,n(K^ g + aS) 



Understanding these spaces and the maps between them is an active area of research with important 
contributions by Hassett, Hyeon, Keel, Morrison and several others [Io| . 

As a step towards this goal, it is important to understand the stable base loci of the linear 
systems \Kj^ + aS\, or equivalently the linear systems |sA — 5\, where A is the Hodge class, 6 the 

total boundary class and s = 13/(2 — a). To test whether a given X C M g lies in such a base locus, 
we may cover it by curves of high slope (S/X); if A" can be covered by curves of slope Sq then it 
must be in the base locus of \sX — S\ for s < sq. We are thus led to the following question. 

Question 1.1. For a subvariety X C M g , what is the highest s such that X is covered by curves 
of slope s ? 

The first result in this direction came from the work of Cornalba and Harris [sj . They answered 
it for the locus of hyperelliptic curves, getting the slope bound 8 + 4/g. Next, the work of Stankova- 
Frenkel [HI suggested that the answer for the locus of trigonal curves is 7 + 6/ a, at least if g is 
even. This is now known to be correct, thanks to the work of Barja and Stoppino |2|, Theorem 1.6] 
and the more recent work of Fedorchuk and Jensen [ij Theorem 1.2, Corollary 3.2]. Since the loci 
of Brill-Noether special curves are expected to make up the base loci of the log-canonical linear 
systems, |Question 1 . 1| is particularly interesting for such loci in M g . 

In this article, we settle the question for the locus of trigonal curves of any genus. We reprove 
the 7 + 6/(7 bound for even g and obtain the bound 7 + 20/(3(7 +1) f° r odd g. 
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Theorem 1.2 ( Corollary 5 .4| [Corollary 578 in the main text). Let g > 4. Denote by T g the closure 



in M g of the locus of smooth trigonal curves. Set 




(1) T g is covered by curves of slope s g . 

(2) If B C Tg is a curve passing through a general point of T g , then its slope is at most s g . In 
particular, T g cannot be covered by curves of higher slope. 

The word "general" in the second statement means away from an (explicitly given) effective divisor. 

Our approach is classical, but we use a modern ingredient to make it feasible. For ([T]), we 
explicitly construct curves with slope s g that sweep T g . For ([2]), we explicitly construct an effective 
divisor D C T g such that 



with a positive and et^ non-negative. It follows that any curve B C T g whose generic point avoids 
D and the boundary divisors Si must have (s g \ — S) ■ B > 0, yielding the bound in (|5J). For even 
g, the divisor D is the closure of the locus of smooth trigonal curves that embed in an unbalanced 
scroll. For odd g, it is the closure of the locus of smooth trigonal curves that embed in Fi and are 
tangent to the directrix. Thus, an equivalent formulation of our result is that (s g X — 5) spans an 
edge of the effective cone in the (A, 6) plane in the Picard group of T g . 

Here is the road-map for the proof. In ISection "2| we describe a compactification of T g using 



admissible covers which is more convenient than T g . In ISection 31 we recall a classical description 

of flat triple covers in terms of linear algebraic data on the base and express the standard divisor 
classes A, k, S in terms of this data. In ISection 41 we finish off IThcorcm 1.21 (JTJ using the linear 
algebraic description. This section does not require the more delicate orbifold considerations in the 
previous sections. In ISection 5( we prove [Theorem Ol ([2]) by computing the divisor class of D in 
the Picard group of the admissible cover compactification. 

We would like to highlight the modern ingredient that makes our approach successful. To com- 
pute the divisor class of D, we use test-curves that intersect the boundary divisors at generic points. 
This lets us circumvent having to identify the points of the boundary that lie in D. Construct- 
ing enough such test-curves, however, is challenging. The basis of our trigonal constructions — the 
linear algebraic description — fails for admissible covers, which are not necessarily flat. The idea 
that rescues us is the formulation of admissible covers as flat covers of orbi-nodal curves due to 
Abramovich, Corti, and Vistoli Another piece of modern technology, namely the Grothendieck- 
Riemann-Roch theorem for Deligne-Mumford stacks 0] makes this computationally feasible. 

We work over an algebraically closed field k of characteristic zero. Genus always means arith- 
metic genus. By the genus of an orbi-curve, we mean the genus of its coarse space. A cover is a 
representable, finite, flat morphism. A triple cover tf>: C — > P 1 is balanced (resp. unbalanced) if the 
degrees of the two summands of the vector bundle 4>*Oc /Opt differ by at most 1 (resp. at least 
2). Projectivizations are spaces of one dimensional quotients, following Grothendieck's convention. 
Throughout, £ denotes a primitive nth root of unity. 

The work in this paper began after conversations with Maksym Fedorchuk when the authors 
were graduate students of Joe Harris. We thank both of them for their kindness and appreciation. 
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During the preparation of the article, we learned about the results of Beorchia and Zucconi [3j 
about similar questions. We thank them for sharing their manuscripts and thoughts. 

2. A COMPACTIFICATION OF T g AND ITS BOUNDARY 

Let M g be the moduli stack of Deligne-Mumford stable curves of genus g. Let T-C^ be the moduli 
stack of twisted admissible covers of genus g and degree three with unordered branch points where 
at most two branch points are allowed to coincide. In symbols 

%] = {(ct>: C^V,V^P)}, 

where 

P is a connected nodal curve of genus zero, 

V is a balanced orbi-nodal curve as in [l[ with coarse space V — > P, 
C is a connected orbi-nodal curve of genus g, 

d> : C — > V is a twisted admissible cover of degree 3 in the sense of (U, 

(P, br <f>) is a iw-stable pointed curve in the sense of [12| with w = (-,... ,|). 

For the convenience of the reader, we briefly recall the meanings of some of the terms. A balanced 
orbi-nodal curve V — » P is a modification of P at the nodes; etale locally around the nodes, V P 
has the form 

[(Spec k[u,v]/uv)/ [i n ] — »■ Spec k[x, y]/xy, 

where jjL n acts by £: u i— > C u an d C : v ^ C v- A twisted admissible cover <fi: C — > V is a rep- 
resentable, fiat, finite morphism of degree d, etale over the nodes and the generic points of the 
components of V such that the associated map V \ br (f> — > BSj is representable. The last condition 
is simply to ensure that the stack structure on V is the minimal required. Note that the induced 
map on the coarse spaces cf> : C — > P is an admissible cover in the sense of Harris and Mumford [ll| . 

Finally, the w-stability condition means that mult p br0 < 2 for all p € P, and uip {^^j is ample. 

3 

By standard methods, one can prove that T~L g is a connected, smooth, proper, Dclignc Mumford 
stack with a projective coarse space. We refer the reader to @ for the technical details. The com- 

3 

pactihcation TL g and the more customary compactification by twisted admissible covers (where the 
branch points are distinct) are isomorphic on the level of coarse spaces. The functorial description 
that allows two branch points to collide, however, is quite convenient. 

The open locus H? g where P is smooth and br cf> reduced is the locus of simply branched trigonal 
curves. When two branch points coincide, C may develop either a node or a triple ramification 
point. In any case, the coarse space of C is at worst a nodal curve of genus g. By contracting 
unstable rational tails, we get a morphism ~K g —5- M g . We denote by A the Hodge line bundle and 

by 5 the total boundary divisor of M g . Abusing notation, we denote their pullbacks to H 3 g by the 
same letters. 

3 

The boundary Tl g \ T~L g is a union of several divisors which we pictorially list in |Figurc f| For 
clarity, we draw the admissible cover C — > P instead of the twisted admissible cover C — > V . 
The pictures are, of course, symbolic and only show the generic points. They are to be read as 
follows. A generic point of A represents a trigonal curve with a triple ramification point. A generic 
point of A represents an irreducible trigonal curve with a node. A generic point of H represents 
a hyperelliptic curve of genus g with a rational tail attached at a non-ramification point. In the 
rest of the boundary divisors, the base is reducible. A generic point of A 3 (g 1 , <? 2 ) represents two 
irreducible trigonal curves of genus g\ and <?2 glued at a triple ramification point; this union maps to 
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(d) Ai(fli,fla) (e) A 2 (gi,g 2 ) (f) As (31,32) 

with 9i + 92 = — 2 and g^ > 0. with gi + 92 = 9 — 1 and 9i > with gi + 92 = 9 and gi > 1 




(g) A 4 ( gi , g2 ) (h) A 5 (si, 32) (i) A B (01,52) 

with 9i + 92 = 9 — 1 and g2 > 1 with 91 + 92 = 9 and 92 > 1 with 91 + 92 = 9 and 9; > 1 

3 

Figure 1 . Boundary divisors of % 

a union of two P 1 s glued at a point. Likewise, a generic point of As(<7i, (72) represents an irreducible 
trigonal curve of genus g\ attached to a P 1 at a non-ramification point and to a hyperelliptic curve 
of genus <?2 at a simple ramification point; this apparatus maps to a union of two P 1 s glued at a 
point as shown in the diagram. We leave the interpretations of the other pictures to the reader. 
The order of g\ and gi is important only in A^c/i, g-i) and As(<7i, (72)- 

We often call the divisors A* (51, 52) (for 1 < i < 6) and H higher boundary divisors. 

Proposition 2.1. The classes A, 6, and the higher boundary divisors H, /S.i{g\,g2) for 1 < i < 6 
as shown in \Figure l\ form a basis o/Picq('H g ). 

Proof. We know that PicQ(TLg) is trivial (see [3| or [Hj]). It follows that Picq(Hg) is generated by 
A, 5 and the higher boundary divisors. By test-curve calculations (for example, those in lScction 51) . 
one can verify that these are independent and that one can use A instead of A. □ 

3. Evaluating the divisor classes on a family of triple covers 

In this section, we recall the classical description of triple covers in terms of linear algebraic data 
on the base and express the divisor classes A and S in terms of invariants of this data. 
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Let Y be an integral scheme and cf>: X — > Y a finite flat map of degree 3. We have the exact 
sequence 

-> Oy -> 0*O X -> F -> 0, 

where i* 1 is a locally free sheaf of rank 2 on V. The sequence admits a splitting by -| times the 
trace map |tr : <f)*Ox — > Oy. Set i? = i^ v and let p: Pi? — » Y be the projectivization. If <j> has 
Gorenstein fibers then X can be embedded as a Cartier divisor in Pi?. In that case, the resolution 
of Ox as an Ope module is given by 

-^p* detE® PE (-3) -> P£ ; -> O x . 

Thus, a triple cover of Y is determined by a locally free sheaf E of rank 2 and a section on Pi? 
of the line bundle Ops (3) <g>p*deti? v , or equivalently by a section on Y of the vector bundle 
Sym 3 (i?) (g) det i? v . Being local on the base, this description holds also if Y is an algebraic stack. 
For the rest of the section, we work with the following setup: 

B = a smooth projective curve, 
7r : S — > B = a generically smooth, proper family of orbi-nodal curves 
<j>: C — > S = a Gorenstein triple cover 

E=(^O c /O s ) v . 

Denote by ujq the relative dualizing sheaf of 7r: C — » i? and set 7rc = 7r o 0: C — > £?. Define 

«C = 7TC*(^c) and = Cl(-R7T C ^0 C ). 

Define CJ5, Kg and As likewise. Our first task is to express Ac and kq in terms of the invariants of 
S and E. Note that A and K are unchanged even if we replace the orbifolds by their coarse spaces. 

For a € Z/nZ, denote by k(a) the vector bundle on Bfi n corresponding to the character £ 1— > ( a . 
Denote by 6s the degree of the singular locus of tt: S — > B interpreted in the orbifold sense. For 
example, the orbi-node [k[u, v, t]/ (uv — t)/ fi n ] contributes — . We caution the reader that the relation 
12A = k + 6 does not hold for orbi-nodal curves. 

Proposition 3.1. In the setup of (TT]) 7 we have 

k c = 3k s + 2 Cl (E) 2 + A Ci (E)uj s - 3c 2 (E), and 

Ac=A 5 + + — - — + c 2 (E)+ x(p), 



Orbi p€iS 



where x(p) ^ s defined as follows. Consider a point p £ S with stabilizer group fi n . Let the restriction 
of E to the Bii n based at p be k(—a) © k(—b). Let £ be a primitive nth root of unity. Then 



x(p) = - 



n V 2 - C l -C 
i=i v s s 

Proof. In the following computation, pullbacks and push-forwards have been omitted unless it 
causes ambiguity. Unless otherwise indicated, dualizing sheaves are relative to B. We think of C as 
embedded in Pi? over S. Let £ be the class of Op_e(1) on Pi?. Since the embedding C^PE is by 
the relative canonical i^ciSi we have 

LU C = £ + US- 
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Now, we compute 



K C = LOq 



= (£ + ^s) 2 |c 

= (£ 2 + 2&s)\ c + oj 2 s \ c 

= (e +2&s)m-c 1 (E))+3K S 

= 2 Cl {E) 2 - 3c 2 (E) + A Ci (E)lu s + 3k s . 

The last step is mere algebraic simplification using £ 2 — c\(E)^ + 02(E) = 0. 
For Ac, we see that in the Grothendieck group of B, we have 

Rnc*O c = Rn*O s + i?7r^ v , 

and by taking degrees, 

Ac = \ s + ci(Rir*E w ). 

To compute the last term, we use Grothendieck-Riemann-Roch. We must be careful, however, as 
7r : S — > B is a Deligne-Mumford stack. From [7], Corollary 5.2] and using the notation therein, we 
have 

(2) ch(i?^£ v ) = vr» (di (t ) td(/5) ) • 

Here / : IS — > S is the inertia stack, the conormal bundle of /, the operator A_i is 1 — A 1 + A 2 + 
. . . , and the operator t is the 'twisting operator.' Let us describe these quantities in our context. 
The inertia stack IS is a disjoint union 

IS = S U [J (asAM) x% p , 

Orbi peS 

where fi n is the automorphism group at p. The conormal bundle Nf is trivial on the S component 
of IS and is the cotangent space of p (with the /x„ p action) on {£} x Bp, np . Therefore, \-±Nf equals 
1 on S and (2 — fc(l) — k(— 1)) on {£} x B/i n . Finally, the twisting operator on the Grothendieck 
group acts trivially along the S component and sends k(a) to ( a k(a) along {£} x Bfi n . Say E v splits 
as k(a p ) © k(b p ) on the B\i np at p. Then, separating the contributions of the different components 
of IS in gives 

ch(i?vr,£; v ) = 7T* (ch(£ v ) td(5)) + V — • ' 

Orbi pi£. 



Orbi pG5 p ^ ^ 



Cl (Ef -2c 2 (e) \ ( Cl (n) , Cl (ci) 2 + c 2 (n) \ , ^ 

2 -<*(£?) + ^ + 12 ) + 2. *(P)' 

7 v 7 Orbi peS 

where f2 = ^5/3. Noting that Ci(f2) = ws and 02(^2) = <5s yields the formula for Ac- □ 

4. Sweeping curves 

In this section, we prove the first half of lTheorem 1.21 by constructing curves with slope s g that 
sweep a Zariski open locus in % . 
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4.1. The even genus case. Let g = 2n — 2. Consider a general pencil of curves in the linear 

3 

system |(3, n)\ on P 1 x P 1 . This gives a curve P 1 — »■ H ff and such curves sweep a Zariski open locus 

of % . Expressed differently, let S — P 1 x P 1 and denote by rr the second projection. Call a and 
F the class of a constant section and a fiber of ir respectively. Let E be the vector bundle 

E = 0(na + F) © 0(na + F). 

Construct a triple cover <f>: C — >• S by letting C C Pi? be general in the linear system |3£ — det E\ 
where £ is the class of Ope (I)- 

3 

Proposition 4.1. The above construction yields curves that sweep a Zariski open subset ofH g and 
have slope 7 + 6/g . 

Proof. Since a generic trigonal curve of genus g = 2n — 2 embeds in P 1 x P 1 as a divisor of class 
(3, n), we get the first assertion. For the slope, using the formulas of [Proposition 3.1] we get 

A = g and k = 5g — 6. 

Using 12A = k + 6, we get 5 = 7g + 6. □ 

4.2. The odd genus case. Let g = 2n — 1. As in the previous case, let S = P 1 X P 1 , and denote 
by 77 the second projection. Call a and F the class of a constant section and a fiber respectively. 
Let E be the vector bundle 

E = 0{n<r + F) © 0((n + l)a + 2F). 

Construct a triple cover cf>: C — > S by letting C C PE be general in the linear system |3£ — det E\ 
where £ is the class of Ops(l). 

3 

Proposition 4.2. The above construction yields curves that sweep a Zariski open subset ofH g and 
have slope 7 + 20/(3.g + 1). 

Proof. Let b £ B be a point. The main observation is that the map of linear systems 
(3) H (O PE m~ det E))^H (O P eM- <±et E b )) 

is surjective. Indeed, it suffices to show that 

iJ°(Sym 3 E ® det E v ) -> iJ°(Sym 3 E b <g) det £ v ) 
is surjective. The cokernel of this map is i? 1 (Sym 3 E g) det i? v ® 0(— F)). Since 

Sym 3 E (g) det E v = 0((n - l)cr) © 0(na + F) © 0((n + l)cr + 2F) © 0((n + 2)a + 3F), 

it follows that J ff 1 (Sym 3 ( J B) ® AetE v ® O(-F)) = 0. 

Note that away from a locus of codimension two, a divisor in |3£— det E b \ gives a point 4> : C — > P 1 
of % . Coupled with the surjection ([3]), this implies that a general divisor in |3£ — det-B| gives a 

3 3 

curve in % . The surjection ([3]) also implies that these curves cover a Zariski open subset of M g . 
It remains to check the slope. By [Proposition 3.1[ we get 

A = 3n — 1 and K = I5n — 15. 
Using 12A = k + S, we get 5 = 21n + 3. Hence the slope is 

5 _ 21n + 3 20 
A ~ 3n - 1 + 3.g + 1 ' 

□ 
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5. Effective divisors 

In this section, we prove the second half of ITheorcm 1.21 The idea is to exhibit an effective 
divisor with class proportional to (s g X — S). 

3 

5.1. The even genus case. Let [i C % g be the closure of the locus in H 3 consisting of [<p: C — > P 1 ] 
for which the rank two bundle 4>*Oc /Opi is unbalanced. It is easy to see that /i is a divisor. It 
is called the Maroni divisor. The divisor \x plus an effective sum of boundary divisors is a positive 
multiple of (7 + 6/g)\ — S. To prove this, we compute the class of ji 

H = a\-b8- cH - ^2ci(gx, g 2 )Ai(gx, g 2 ), 
by a series of test curve calculations. 

Setup of test curve calculations. All the test curves are of the following format: 

(1) Start with a fibration of rational (orbi)-curves it: S — > B 

(2) Pick a sufficiently 7r-positive rank two bundle E on S. 

(3) Construct <f>: C — > S by picking a generic divisor in |Op_e(3) <S> detE v \. 

Thus, the test-curve is specified by S — > B and E. In all the test-curves, we have B = P 1 . The 
family S — > B is one of the following four: 

(1) Sq = P 1 x B. It is used to compute the coefficients of A and 5. 

(2) Si is obtained by blowing up P 1 x B at a point. It is used to compute the coefficients of 
Ai{gi,g 2 ), Ai(gi,g 2 ), A 6 (g 1 ,g 2 ) and H. 

(3) S 2 is obtained by blowing up P 1 x B along a k[e]/e 2 transverse to a fiber and replacing the 
resulting A 2 singularity k[x,y]/(xy — t 2 ) by the orbi-node [k[u, v]/(uv — t)/fj, 2 ]. It is used 
to compute the coefficients of A. 2 (g±,g 2 ) and A.^[gi, g 2 ). 

(4) S3 is obtained by blowing up P 1 x B along a /c[e]/e 3 transverse to a fiber and replacing the 
resulting A 2 singularity k[x, y]/(xy — t 3 ) by the orbi-node [k[u, v]/(uv — t)/^]. It is used 
to compute the coefficients of A 3 (g 1 ,g 2 ). 

For all Si, denote by s the preimage of a constant section from P 1 x B not passing through the 
center of the blowup. For Si with i > 1, let (resp. Fq) be the component of the reducible fiber 
that does not (resp. does) intersect s. Note that 

s 2 = 0, F ■ F^ = - and F 2 = F^ = —. 

1 1 

Also, 

u Sa/B = ^2s and U)s i m = — 2s + ii 7 ^ for i > 1. 
ITablc ll lists various test-curves, their intersection with the higher boundary divisors and the 
value of the Residual, defined by 

Residual = (7g + 6)A — gS — 2(g — 3)//. 

The divisors A and 5 are computed by applying [Proposition 3.1| and using 12 A = k + 6 for the 
induced family it: C — > B, where C is the coarse space of C. The orbifold correction term in the 
expression for A is for Si, for 1S2 and —2/9 for 53. These curves intersect the higher boundary 
divisors in general points ( [Proposition 5.2[ ) and hence the central fiber does not contribute to [1. 
Note that /1 is on all the test-curves except the second, where it is (degL — degM). 
We take g = 2n — 2, and L, M to be sufficiently positive line bundles pulled from B. 
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Table 1: Test-curve calculations for the class of fj, (even g) 



s 


E 


Intersection with 
higher boundary 


Residual 


So 


L(n)® 2 











So 


Generic extension 

L((n - l)s)^E -» M((n + l)s). 











Si 


L(ns - bFco) © M(ns - bF^) 
with 1 < b < n - 1 


A 1 (g 1 ,g 2 ) = 1 
ff i = 2(n-6)-2 
52 = 26 - 2 


§5i32 






Si 


L(ns - 6F oo )0M(ns - (b - l)^) 
with 2 < 6 < n - 1 


Ai(#i,32) = 1 
ff i = 2(n-6)-l 
g 2 = 26 - 3 


5(35152 + .91 + .92 - 


1) 




Si 


Generic extension (2 < 6 < 2n — 2) 
L(ns - 6F 00 )=>£ -» M(ns) 


A 4 (5l,ff2) = 1 

51 = 2n - b - 2 
g 2 = b - 1 


\g 2 {g\g 2 + .9I + 551 


-1) 




Si 


Extension (with n < b < 2n — 2) 

L(ns - bFoo^E -» M(ns) 

such that E = 0®0{2n-b) on F 


Ae(5i,32) = 1 
gi = 2n — b — 1 
.92 = 6 - 1 


\g 2 (g\g 2 + g\ + 551 


-.92 


-6) +5 


Si 


b = 2n — 1 in the above case. 


H = 2 


i 9 (5-2)(5 + l) 






s 2 


L(ns - bFco) © M(ns - (6 - 1)^) 


A 2 (g!,g 2 ) = 1 
g\=2n — b — \ 
52 = 6 - 2 


35iff2 






s 2 


Generic extension (with b odd) 
L(ns - bFoo^E -» M(ns) 


A 5 (gi,g 2 ) = 1 

51 = 2n - ^ 
.92 - — 


.92 + .9i3l - 25I + 45152 - 


-51-52 


s 3 


L(ns - M(ns - (b - l)F OCJ ) 
with 6 = 2 (mod 3) 


A3 (51, 52) = 1 

5i=2n-^ 

52 = ^ 


§5i52 - .9i - 32 






S3 


L(ns - 6^) M(ns - (6 - 2)Foo) 
with 6=1 (mod 3) 


A 3 (ffl,ff2) = 1 

5i=2n-^±± 

.92 3 


!(95i52 - 5i - .92 - 


3) 
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Remark 5.1. proposition 3. 1| along with 5 = 12A — n gives 6 for the family it: C — > B, where C 
is the coarse space of C. In the following cases, however, the special fiber of C — > B has unstable 
rational tails, which must be contracted to get a family of Deligne-Mumford stable curves. We 
must accordingly adjust the value of 5. 

(1) When the special fiber is in A^gi, g 2 ), its rational tail must be contracted, which is a — 1 
curve on C. Hence we must subtract 1 from the 5 computed for tt: C — > B. 

(2) When the special fiber is in A 5 (gi, g 2 ), its rational tail must be contracted, which removes 
an Ai singularity from C. Hence we must subtract 2 from the 6 computed for ir: C — > B. 

(3) When the special fiber is in Ag(gi, (72), its two rational tails must be contracted, which are 
both —1 curves on G. Hence we must subtract 2 from the 8 computed for ir: C B. 

(4) To get a central fiber in H (by setting b = 2n — 1 in the fifth row), we must contract Foo 
and the two rational curves over it. Furthermore, to get a Deligne-Mumford stable model, 
we must also contract the rational tail on the remaining curve. Thus, in total, we must 
subtract 3 from the 5 computed for ir: C —> B. 

It remains to argue that the curves constructed in ITableTI indeed intersect the boundary divisors 
in generic points. This is immediate for A. The following proposition proves it for the higher 
boundary. 

Proposition 5.2. The special fiber of the family of curves in I Table~~7\ is generic in the boundary 
divisor indicated in the third column. 

Proof. Let ir: Si — > B (for i > 1) and E be as indicated in ITableTI Let £ fi correspond to 
the special fiber. Let V C H a (Sym 3 E ® detF v | ) be the image of H°(Sym 3 E <g> detF v ). We 
must prove that the trigonal curves given by (generic) elements of V make up a dense subset in 
the corresponding boundary divisor. By choosing L and M sufficiently ample, we are reduced to 
proving this statement where V is the image of 7r*7r* (Sym 3 E ® det E v ) in F°(Sym 3 E (g> det E v \ ). 
The question is thus local around 0. 

Consider a general point [<p: C — > P] of Aj (.91,52) with P = Fo U (the case of H is handled 
in this guise by letting i = 6 and g\ — 0.) Note that line bundles on P have integral degree; rank 
two bundles split; and for generic [</>; C — >■ P] the splitting of E is indeed as obtained in ITableTI 
Let (B, 0) be a germ of a smooth curve and ir: S — > B with <fr: C — > S a smoothing of 0: C — > P 
with smooth 5, and where the generic fiber is a smooth, balanced trigonal curve. We show that 
such a smoothing can be obtained in the curves in ITablc ll 

Let s: B — >• S be a section intersecting Fo. Set E = (<p*Oc/Os) v and L = 0(nS — bFoo). To 
get such a smoothing in ITable ll E must be expressible as an extension 

04L-»£->M->0. 

It suffices to show that there is a nowhere vanishing map L — > E. Set G = L v ® E. For the 
case of Ai, A2, and A3, where both branches of <f>: C —> P are connected, and hence balanced by 
genericity, we have H 1 (G\o) = 0. Therefore, in this case, it*it*G — > H°(G\o) is surjective. Since 
G\q has a nowhere vanishing section, we conclude that G has a nowhere vanishing section. 

The case of A4, A5 and Ag is a bit subtle. Think of a section of G as a divisor of class 
a = Opg(1) in PG; a nowhere vanishing section corresponds to a divisor that does not contain a 
fiber of PG — > S. On a generic fiber P^ of S — >• B, the class a is that of a constant section of 
PG* = P 1 x Pj. Consider a family of divisors X t C PGt in class a and let Xq C PG|o be the flat 
limit. Then Xq is a Cartier divisor in PG|o of class a — aN, where N — PGj^ and a £ Z. It 
suffices to show that a = and Xq does not contain any fibers of PG|o — > P. 
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Let the preimage of C — > P over F>o be C\ U Ci where C\ — > F^ is degree one and G2 — > Fx, is 
degree two. Note that TV -C 2 ^ but cr-C-2 = 0. Hence a = if Xq does not intersect C 2 . Therefore 
it suffices to show that Xo does not intersect G2 and does not contain any fibers of ~PG\f — > Fq. 

Consider the highly singular trigonal curve C — > P 1 obtained by contracting the components 
C\ and C2 of G as follows. In the case where C is an orbi-curve, we first pass to the coarse space. 
The rational component C\ is contracted to the (smooth) point of attachment. The hyperelliptic 
component C2 of genus (72 is contracted to create a A 2g2 +i singularity for A4 and Aq and a A 2g2 
singularity for A 5 (see |Figure 2\ . Note that there is a unique way to carry out such crimping while 
keeping a map to P 1 . It is not hard to check that for a generic central fiber [4>: C — > P], the 
resulting C — > P 1 is a balanced triple cover. 




(a) A 4 or A 6 (b) A 5 



FIGURE 2. Crimping C -> P to get a singular C — > P 1 

Let <S — > P 1 x B be the contraction of Fx) and C —> C the contraction of the curves in C over 
Fqq. Then C —> P 1 x B is a triple cover; in fact, it is the unique extension to P 1 x B of the cover 
C \ ^ 1 {F OQ ) -> 5 \ Foo. The central fiber of C ->• P 1 x S is C" -)• P 1 , by construction. Define the 
analogues £" and G" of E and G. Consider the flat limit X' of X t in PG'|o- To show that Xo does 
not intersect G2 and does not contain fibers of PG|f — > F), it suffices to show that X' stays away 
from the singularity of C and does not contain fibers of PG'|o — > P 1 . Since G' is balanced, the 
limit X' is simply a constant section ofPG'|o=P 1 xP 1 , which will stay away from the singularity 
of C for a generic choice of the family X t . The proof is thus complete. □ 

3 

Proposition 5.3. Let g > 4 be even. In the rational Picard group ofH' g , we have 
2(0-3)[m] = (7g + 6)X-gS-cH-J2c i (g 1 ,g 2 )A i (g 1 ,g 2 ), 

where c > and Ci > 0. In particular, a positive multiple of (7g + 6)A — gS is equivalent to an 
effective divisor. 

Proof. Intersect both sides of the equation by each of the test-curves in ITablc II The coefficients 
c and Ci(gi,g 2 ) are precisely the entries in the "Residual" column. It is easy to verify that these 
entries are non- negative for the allowed values of g±, g 2l given g > 4. □ 

Corollary 5.4. Let g > 4 be even. Let B — > T g be a curve such that a generic point of B 
corresponds to a smooth trigonal curve not contained in the image of ji. Then 

(7g + 6)(X-B)>g(S-B). 

2 

Proof. Lift B — ► T g to B — > H g . Then a generic point of B lies in Hg \ /i. We conclude that B 
intersects non- negatively with \i and with all the boundary divisors. From [Proposition 5.3| we get 

(7.g + 6)(A-F) >g{S-B). 

□ 



12 



ANAND DEOPURKAR AND ANAND PATEL 



5.2. The odd genus case. Let r C H g be the closure of the locus consisting of [<f>; C — > P 1 ] for 
which the scroll PE is isomorphic to Fi and the image of the embedding C^-PE is tangent to the 
directrix, where as usual E — ((/)*Oc /Opi) v . Then r is a divisor. We call it the tangency divisor. 
In the odd genus case, it plays the role of the Maroni divisor. The main task is computing its class 

3 

in the Picard group of H g . 

The setup of the test-curve calculations is the same as that in the even genus case ([Subsection 5.1|) . 
In particular, we retain the meanings of B, Si (for < i < 3), s, Fq and i 7 ^. We take g = 2n — 1 
and L, M sufficiently ample line bundles pulled from B. 

ITable 2 1 lists various test-curves, their intersection with the relevant boundary divisors and the 
value of the Residual, defined by 

Residual = (21c? + 27)A - (3g + 1)5 - 2r. 

The divisors A and S are computed by applying [Proposition 3.l| and using 12A = k + 6 for the 
induced family ir: C —> B, where C is the coarse space of C. The divisor r is calculated as follows. 
We pick a section a : S — > PE, given by a quotient E — >■ Q, where Q is a line bundle on 5, such 
that a agrees with the directrix on the generic fiber. We consider the curve D = a(S) fl C. The 
points of r on the base B are simply the branch points of D — > B. To compute their number, we 
note that the class of D on S is given by 

[D] = a*[C] 

= a*(3£-c 1 (E))=3c 1 (Q)-c 1 (E). 

By adjunction, we get 

r = ci(u D/B ) 

{ ' = (3 Cl (Q) - a(E)) ■ (3 Cl (Q) - Cl (E) + ci(u s /b)). 

The curves in ITable~2l intersect the higher boundary divisors in general points. Hence, the special 
fiber does not contribute to r. The formula |4]), however, includes a contribution from the spe- 
cial fiber for some test-curves, which we must correct. We comment upon these adjustments in 
IR.emark 5.51 In ITable~2l the role of Q is always played by the bundle of the form M(- ■ ■). 



Table 2: Test-curve calculations for the class of r (odd g) 



s 


E 


Intersection with 
higher boundary 


Residual 


So 


E = L((n + l)s)®M(ns) 







Si 


L{{n + l)s - bFoo) 8 M(ns - bF^) 
with 1 < b < n — 1 


^1(51,52) = 1 
9l = 2(n- 6) - 1 
g 2 =26-2 


|5 2 (3 5 i + 1) 


Si 


Generic extension (2 < b < 2n — 1) 
L((n + l)s - bFoo^E -» M(ns) 


^4(51,22) = 1 
gi = 2n — b — 1 
.92 = 6 - 1 


§52(3152 + 52 + %i + 52 + 4) 
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Table 2: Test-curve calculations for the class of r (odd 5) 



s 


E 


Intersection with 
higher boundary 


Residual 


Si 


Extension (with n + 1 < b < 2n — 1) 
L((n + l)s - bFcc^E -» M(ns) 
such that E = O © 0(2n - b + 1) on 
F 


A 6 (ffi,S2) = 1 
91 = 2n — 6 
.92 = 6 - 1 


§52(9152+5! 


+■ 55i - 1) + 


3.9 + 1 


Si 


b = 2n in the above case. 




ff = 2 


§5(5 2 + 3) + 2 






s 2 


L((n+l)s-6F 00 )ffiM(ns- 


-(6-1)^00) 


A 2 (01,32) = 1 

51 = 2n — 6 

5 2 = 6 - 2 


95152 






s 2 


Generic extension (with b 
L((n + l)s - bF^^E -» 


odd) 
M (ns) 


^5(91,92) = 1 

_ 1, 11 

5i = 2n - Y 
92 — 


352(52+5152 + 


4.91-52+4) 


-3.9-1 


s 3 


L((n+l)s-bFoo)®M(ns- 
with 6 = 2 (mod 3) 


-(6-l)Foo) 


A3 (51, 52) = 1 

5i=2n V 

„ _ 26-4 
ff2 - 3 


§(95152 - 25! 


- 52) - 1 




S3 


L((n+l)s-& J F oc )©M(ns- 
with 6=1 (mod 3) 


-(6-2)^) 


^3(51,52) = 1 

5i=2n 2fc 3 - 2 

_ _ 26-5 
92 3 


| (95152 -51 - 


2.92) - 1 





Remark 5.5. In the following cases, we have to make adjustments to S and r. The adjustments for 
8 are for the same reasons as in the case of even genus ([Remark 5. 1|) . For the adjustments to r, 
recall the notation in flU): cr : S — > PE is given by E — > M{- • • ); we set D — (j{S) fl C and get r by 
counting the number of branch points of D — > B using adjunction. 

(1) When the special fiber is in A^gi, 52), the curve D includes the rational tail on the central 
fiber. This tail unnecessarily contributes —2 in the adjunction formula, which we must 
correct. Also, we must subtract 1 from the 8 counted for ir: C — > B. 

(2) When the special fiber is in As^i,^), the curve D includes the orbifold rational tail on 
the central fiber. This tail unnecessarily contributes —3/2 in the adjunction formula, which 
we must correct. Also, we must subtract 2 from the 8 counted for ir: C — > B. 

(3) When the special fiber is in Ae(gi,g2), the curve D includes the rational tail on the central 
fiber. This tail unnecessarily contributes —2 in the adjunction formula, which we must 
correct. Also, we must subtract 2 from the 8 counted for ir: C — >• B. 

(4) When the central fiber is in H (in the guise of Ag(5i,0) in the fifth row), the curve D 
includes the rational tail on the central fiber. This tail unnecessarily contributes —2 in the 
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adjunction formula, which we must correct. Also, we must subtract 3 from the S counted 
for 7T : C -> B. 

Proposition 5.6. The central fiber of the family of curves in \Table £1 is generic in the boundary 
divisor indicated in the third column. 

Proof. The proof is the same as that of proposition 5.2] with one modification in the second half 
(dealing with A4, A5 and Aq). Consider the highly singular trigonal curve C — » P 1 of genus g 
obtained by contracting the rational and the hyperelliptic tail of the special fiber <fi: C — >• P. As 
a part of the genericity of the central fiber <j>: C — > P, we must not only assume that C — >• P 1 
is balanced, but also that the singularity of C is away from the directrix in the embedding 
C"^->Pi. The rest of the proof is almost verbatim. □ 

We readily deduce the analogues of [Proposition 5.3| and |Corollary 5.4 
Proposition 5.7. Let g > 5 be odd. In the rational Picard group ofhL g , we have 

2[r] = (21g + 27)\-(3g + l)5-cH-J2*{9i,92)M9i,92), 

where c > and c\ > 0. In particular, a positive multiple of (21g + 27)A — (3g + 1)6 is equivalent 
to an effective divisor. 

Corollary 5.8. Let g > 5 be odd. Let B — > T g be a curve such that a generic point of B corresponds 
to a smooth trigonal curve not contained in the image of t. Then 

(21g + 27)(A-B) > ('Sg + 1)(S ■ B). 
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